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pic half-space. The procedure is based on three assumptions, namely: (i) the incremental
elasticity tensor of the material half-space can be written as the sum of a homogeneous
isotropic part C'*° and a depth-dependent perturbative part A; (ii) at the free surface both
the initial stress and A are small as compared with C"°; (iii) the mass density, the initial
stress, and A are smooth functions of depth from the free surface. We derive formulas
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Initial stress and Lyapunov-type equations that can iteratively deliver each term of an asymptotic
Weakly anisotropic media expansion of the surface impedance matrix, which leads to the aforementioned
Surface impedance high-frequency asymptotic formula for Rayleigh-wave dispersion. As illustration we

consider a thick-plate sample of AA 7075-T651 aluminum alloy, which has one face treated
by low plasticity burnishing that induced a (depth-dependent) prestress at and
immediately beneath the treated surface. We model the sample as a prestressed,
weakly-textured orthorhombic aggregate of cubic crystallites and work out explicitly, up
to the third order, the dispersion relations that pertain to Rayleigh waves propagating in
several directions along the treated face of the sample.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Recently Man, Nakamura, Tanuma, and Wang (2015) developed a general procedure, under the framework of linear elas-
ticity with initial stress (Biot, 1965; Hoger, 1986; Man & Carlson, 1994; Man & Lu, 1987), for obtaining a high-frequency
asymptotic formula for the dispersion of Rayleigh waves propagating in a vertically-inhomogeneous, prestressed and aniso-
tropic medium. That work was meant to serve as the mathematical foundation for a nondestructive measurement technique
to monitor the retention of protective surface and subsurface compressive stresses which are put in metal parts (e.g., critical
components of aircraft engines) by surface treatments for fatigue-life enhancement. The theory in Man et al. (2015) does not
consider the effects of surface roughness on Rayleigh-wave dispersion; it covers only surface treatments (e.g., low plasticity
burnishing (LPB), which leaves a mirror-smooth surface finish) where such effects can be ignored. On the other hand, that
theory is developed with the constitutive equation in linear elasticity with initial stress put in its most general form, which
makes derivation of explicit dispersion relations difficult.

* Corresponding author. Tel.: +81 277 301915; fax: +81 277 301954.
E-mail addresses: tanuma@gunma-u.ac.jp (K. Tanuma), cman@uky.edu (C.-S. Man), chenyue0715@uky.edu (Y. Chen).

http://dx.doi.org/10.1016/j.ijengsci.2015.03.001
0020-7225/© 2015 Elsevier Ltd. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijengsci.2015.03.001&domain=pdf
http://dx.doi.org/10.1016/j.ijengsci.2015.03.001
mailto:tanuma@gunma-u.ac.jp
mailto:cman@uky.edu
mailto:chenyue0715@uky.edu
http://dx.doi.org/10.1016/j.ijengsci.2015.03.001
http://www.sciencedirect.com/science/journal/00207225
http://www.elsevier.com/locate/ijengsci

64 K. Tanuma et al./ International Journal of Engineering Science 92 (2015) 63-82

Here we adapt the general procedure in Man et al. (2015) to the case where the incremental elasticity tensor L can be
written as the sum of an isotropic part C**° and a perturbative part A. Under a Cartesian coordinate system where the mate-

rial medium occupies the half-space x; < 0, the perturbative part A(-), the initial stress f'(-), and the mass density p(-) are

assumed to be smooth functions of x;. Moreover, at the free surface x; = 0 of the material medium A(0) and i‘(O) are
assumed to be sufficiently small as compared with C'* that, for all expressions and formulas which depend on A(0) and

f“(O), it suffices to keep only those terms linear in the components of these tensors. Under this setting, after outlining some
preliminaries in Section 2, we derive in Sections 3-5 specific formulas with which the procedure presented in Man et al.
(2015) can be implemented to solve the direct problem of deriving high-frequency asymptotic formulas for dispersion rela-
tions that pertain to Rayleigh waves with various propagation directions. Once dispersion curves can be generated when req-
uisite data on material and stress are given, the inverse problem of inferring stress retention from Rayleigh-wave dispersion
can be attacked by an iterative approach in further studies.

In Section 6, we present an illustrative example where we derive Rayleigh-wave dispersion relations for a thick-plate
sample of an AA 7075-T651 aluminum alloy that carries a prestress induced by prior LPB-treatment. The sample is modeled
as a weakly-textured orthorhombic aggregate of cubic crystallites. The prestress in the sample was ascertained by destruc-
tive means (X-ray diffraction and hole-drilling), and so were the relevant texture coefficients (X-ray diffraction). To shed
light on how crystallographic texture would affect the dispersion relations, we prescribe two other textures to the sample
and repeat the calculations with the prestress and material parameters unchanged.

2. Preliminaries

In a Cartesian coordinate system let (xq, 2, X3) be the Cartesian coordinates of place x, and let u = u(X) = (u;, Uy, u3) be the
displacement at x pertaining to the superimposed small elastic motion. We work in the theoretical context of linear elasticity
with initial stress, under which the constitutive equation can be put in the form (cf. Man & Carlson (1994), Man & Lu (1987))

S=T+HT+L[E); (1)

here § = (Sy) is the first Piola-Kirchhoff stress, T- (%,-,—) the initial stress, H = (9u;/0x;) the displacement gradient pertaining
to the superimposed small elastic motion, and E = (H + H")/2 the corresponding infinitesimal strain, where the superscript T
denotes transposition; L is the incremental elasticity tensor which, when regarded as a fourth-order tensor on symmetric
tensors, has its components Ly (i,j,k,! = 1,2,3) satisfying the major and minor symmetries.

We choose the Cartesian coordinate system so that the material half-space occupies the region x; < 0 whereas the 1- and

2-axes are chosen arbitrarily. In this paper we assume that the initial stress T = T(x3), the incremental elasticity tensor
L = L(x3), and the mass density p = p(x3) are smooth functions of the coordinate x; (x; < 0). Here and hereafter we use
the term “smooth function” to denote an infinitely differentiable function all of whose derivatives are bounded and contin-

uous. We assume that the initial stress T satisfies the equation of equilibrium div T = 0, and that the surface x; = 0 of the

half-space is free of traction, which implies that the components %B (x3) i=1,2,3) of T vanish at the surface x; = 0. We call
—x3 = 0 the depth of place x beneath the free surface x; = 0.

In what follows we suppose that L can be written as a sum of two terms: a principal part C'*° which is homogeneous and
isotropic, and a perturbative part A = A(x3) which is a smooth function of X3 (x3 < 0) and is generally anisotropic. Then L can
be expressed as a fourth-order tensor on symmetric tensors E in the form

L[E] = C*°[E] + A[E] = A(trE)I + 24E + A[E), 2)

where I is the identity matrix, 4 and u are the Lamé constants that pertain to C'*°, and A can be written under the Voigt nota-
tion as a 6 x 6 symmetric matrix (a,(x3)) with its components a,; being smooth functions of x; (x3 < 0). In the present study
we adopt the following basic assumption:
(*) At the free surface x3 = 0, the perturbative part A of L and the initial stress T are sufficiently small as compared with
the isotropic part C*° of L (i.e., | T(0)|| < ||C™°||, |A(0)|| < ||C*°||, where || - || denotes the Euclidean norm) that for all

expressions and formulas which depend on A(0) and 10'(0) it suffices to keep only those terms linear in the components
of these tensors.

Throughout this paper, we do not put any condition on the xs;-derivatives of A(x;) and of 10'(x3) at x3 = 0.
Substituting the componentwise expression of (1) into the equations of motion with zero body force, we obtain elastic
wave equations of the form

& 3.9 o\ .
— U = — | Bju o), i=1,2,3, 3
e j; axj< ikt ax,>' )
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where t denotes the time,

Bijin = Bijui(x3) = 0uTji(X3) + Liju(X3) (4)

are the effective elastic coefficients, and &;, is the Kronecker delta.

We consider Rayleigh waves propagating in a given direction along the traction-free surface of the aforementioned
vertically-inhomogeneous, anisotropic and prestressed half-space x; < 0. These waves are described as a surface-wave
solution to (3) in x3 < 0 which is time-harmonic, has the form

u= (ul-, Uz, U3) = eiik(Xl X2 lz=v ) a(x7 N1y, 7, k), (5)

and satisfies the traction-free boundary condition

3 ou,
Sn(U)ly, 0 = ZBzﬁrs e =0. (6)
pi123y,—0

rs=1 S

Here i = v—1, k is the wave number, = (#,,17,,0) is the direction of wave propagation on the surface, vis the phase velocity
in the subsonic range to be determined, and a(x,#,,#,,v,k) is the complex-valued polarization vector which decays
exponentially as x3— — oo.

Under the assumption on existence of Rayleigh waves Man et al. (2015) recently derived a high-frequency asymptotic
formula

vr = (k) = vo + 4 K'e ok +ok> 4. (7)
which, for a large wave number k, expresses the phase velocity ux of the Rayleigh waves in question in terms of

[L(x3)7%(x3)7p(x3) at x3 = 0 and their first and higher-order x;-derivatives at x; = 0. They developed a procedure which
can deliver an expression for each term z; (i=0,1,2,...). The asymptotic formula for vy thus gives a characterization of
the frequency-dependence of the Rayleigh-wave velocity, i.e., the dispersion of Rayleigh waves, as caused by the vertical
inhomogeneity of the medium.

The surface impedance matrix Z(v) = Z(v, 0, k) is a 3 x 3 matrix that expresses a linear relationship between the displace-
ments at the surface on which surface waves propagate with phase velocity v and the surface tractions needed to sustain
them;

sll(u)|)(3:0 = Z( Z/) (u‘x3:0)’ (8)
where u is the solution (5). By Section 5 of Man et al. (2015), Z(») admits an asymptotic expansion
Z(v) = kZo(v) + Zy (0) + k ' Zy(v) + Kk Z3(v) + -+ 9)

here kZy(v) is nothing but the surface impedance matrix' of the comparative homogeneous elastic half-space which has its

incremental elasticity tensor, mass density, and initial stress equal to L(0),p(0), and ]O'(O), respectively. It is proved
in Man et al. (2015) that each Z,(») (n =0,1,2,...) is Hermitian, i.e., Z,() = Z,(v)", where the overbar denotes complex
conjugation.

The surface impedance matrix plays a crucial role on the procedure which delivers each term of the asymptotic expansion
(7). 1t follows from (6) and (8) that the matrix Z(») has a non-trivial null space in a three-dimensional complex linear space at
the phase velocity of the Rayleigh waves zx. This leads us to the asymptotic representation of a secular equation for zy

det [Zo(v) +Zi )k + 2y (v) kT + Zs(v) Kk +} -0, (10)

from which the high-frequency asymptotic formula (7) can be derived by a simple routine through the implicit function the-
orem (cf. Section 6 of Man et al. (2015)).

In this paper, under the assumption (*) we develop a perturbation method for determining each term #; (i=0,1,2,...) in
(7). Henceforth, without loss of generality we consider Rayleigh waves which propagate along the surface of the prestressed
half-space x; < 0 in the direction of the (arbitrarily-chosen) 2-axis (g = (0, 1,0)).

3. Surface impedance matrix of weakly-anisotropic homogeneous elastic half-space

In what follows, by the comparative homogeneous elastic half-space x; < 0 we mean that which has the incremental elas-

ticity tensor L, mass density p, and initial stress T given by

! Note that in the literature on the Stroh formalism for homogeneous elastic media it is Zy(») which is usually called the “surface impedance matrix”; see, for
example, Lothe and Barnett (1976), Chapter 7 of Chadwick and Smith (1977), Chapter 12 of Ting (1996) and Definition 4.3 of Tanuma, Man, and Du (2013).
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L =1(0) = C* + A(0), (11)

p = p(0), and T= ]O"(O), respectively. The constitutive equation in this homogeneous half-space is then

S = T(0) + H T(0) + C*°[E] + A(0)[E].

We recall that the components f",»; (x3) (i=1,2,3) of 10'(x3) vanish at the traction-free surface x; = 0.

In this section we give a formula for Z,(») which appears as the dominant term in the asymptotic expansion (9), i.e., a
formula for the surface impedance matrix that pertains to surface waves which propagate in the direction of the 2-axis along
the surface of the comparative homogeneous elastic half-space x3 < 0. Under assumption (*), we are concerned only with the

terms in Zy(2) up to those linear in i‘(O) and A(0), which leads us to write
Zo(v) ~ Z5°(v) + Z3"(v). (12)

Here and hereafter we use the notation ~ to indicate that we are retaining terms up to those linear in A(0) and ;‘(0) and that
we are neglecting the higher order terms. Z5°(v) is of zeroth order in f'(O) and A (0), whereas Zi(v) is of first order in %(0)
and A(0). Note that kZE°(v) is the surface impedance matrix pertaining to a homogeneous isotropic elastic half-space with
constitutive equation § = C"°[E] and with density p = p(0).

The Hermitian matrix Z5°(2) has a well-known formula (cf. for example, Section 12.10 of Ting (1996)), which is given by

Proposition 3.1.
s;1 O 0
Z¥0w) = Z0) =| 0 sp —isy |, (13)
0 sy s33

where

2 - V) (VU 2 “V G20V
sn= V-V, 5, = VHOT20 )(W(ﬁg/;)jku JG+2p=V))

V2= V) (VRG+20) + /(= V) (2 +2u - V)
A+3u-V ’

(u(a+4u V) — a2 (u - V) (At 2 — V)), V=p0)? i=v_1

S33 =

1
523:7/1+3us

and ). and u are the Lamé constants that pertain to C'*°.,
Under assumption (*), we apply a perturbation argument to the integral representation of Zy(») in the subsonic range
(cf. Lothe & Barnett (1976) and Sections 4.D and 7.D of Chadwick & Smith (1977))

Zy(v) =S,' +iS,'S,
where

1 = 1 /7
S = o / ~To(¢) 'Ro(®) dp. 2 =5 [ To(¢) " do,

-7 J =T

3
Ro(¢) = <ZBijk,(0)(m €0s ¢ + 1 sin ¢);(—m sin ¢ 4 n cos gb),) + p(0) v* cos ¢ sin ¢1,

jl=2
3
To(¢) = (ZBUk,(O)(m sin ¢ 4 n cos ¢);(—m sin ¢ +-n cos 4)),) — p(0) * sin” ¢ 1
jil=2

and m = (0,1, 0) is the propagation direction of the surface waves in question and n = (0, 0, 1) is the unit outward normal of

the boundary x; = 0 of the material half-space, to obtain an explicit formula for Zg”’(v) (cf. the methods in Sections 6 and 7 of
Tanuma & Man (2002), Sections 6 and 7 of Tanuma & Man (2008), and Section 4 of Tanuma et al. (2013)):

Proposition 3.2.

011(0ss,066, T22) €35 (026,036,045) + 1015 (025,035, 046)  {15(Gas, 035, 0ag) + 1]5(026, 36, Aas)

Pth,,\ P T . ‘ 3
2, (v)=2,"(v) = * £23(022,023,033,044,T22) U33(A24,a34) + 1035 (a2, 023,033,044, T) |-

* * £33(022,023, 033,044, T22)
(14)
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where the diagonal components ¢; (i=1,2,3) and E,f,é& ((i,j) = (1,2),(1,3),(2,3)) in the off-diagonal components are
real-valued linear functions of their arguments whose coefficients are given explicitly in terms of the Lamé constants A, u and
V = p(0) 22, and the label “x” in the (j,i) component of the matrix denotes the complex conjugate of the (i,j) component of the

matrix ((i,j) = (1,2),(1,3),(2,3)). All the components of T and A in the preceding formula denote their values at x; = 0.
The formulas for the aforementioned linear functions are given in Appendix A.

Remark 3.3. For a weakly-anisotropic homogeneous elastic half-space, Song and Fu (2007) obtained a general formula for
the first-order perturbation of the surface impedance matrix at the Rayleigh-wave velocity in the process of deriving a
first-order correction to the Rayleigh-wave velocity. The formula ((2.6) therein) is written in an integral form over a
semi-infinite interval whose integrand involves the eigenvalues and eigenvectors of Stroh’s eigenvalue problem for the base
material. We observe that formula (14) together with those in Appendix A can be derived from Song and Fu’s formula (2.6)
by keeping the velocity in their formula free and not fixed at the Rayleigh-wave velocity.

4. Lower-order terms of the asymptotic expansion of surface impedance matrix

Now we turn to study the surface impedance matrix Z(v) that pertains to surface waves which propagate in the direction
of the 2-axis along the surface of the vertically-inhomogeneous, anisotropic and prestressed elastic half-space x; < 0. Recall
that the constitutive equation is expressed by (1), where the incremental elasticity tensor has the form (2), and the mass
density is given by p(x3). Let Q, R and T be 3 x 3 real matrices given by

Q=Q(xs,7v) = (Bizkz(x3) — p(x3) Vz(sik), R=R(x3) = Bars(x3)), T=T(x3) = (Bzs(x3)), (15)
where By = Bjju(x3) are the effective elastic coefficients (4). Let Q,,R,, T, and S, (n =0,1,2,...) be the coefficients in the

Taylor expansions of Q, R, T and T™' at x; = 0, respectively.

According to the arguments in Sections 3 and 5 of Man et al. (2015), each lower-order term in (9), i.e., each of the 3 x 3
matrices Z,(v) (n=1,2,3,...), is obtained by solving some systems of Lyapunov-type equations. From Eqs. (58) and (101) of
Man et al. (2015) we get

Z,(v)=iGy" (n=1,2,3,...), (16)

where the 3 x 3 matrix G, is the last term of a sequence of 3 x 3 matrices {ij"), GG, GE{”)} whose elements

are obtained inductively by solving Lyapunov-type equations; see (79), the first equation of (80), (81), the first equation of
(82), (83) and (87) in Man et al. (2015).
In what follows under assumption (*) we shall apply a perturbation argument to the aforementioned equations in Man

et al. (2015) to derive equations for the matrices which approximate Z,(») (n =1,2,3,...) to within terms linear in 10"(0) and
A(0). For

Ko =T,'R} —iT,'Zo, (17)
which appears in all the left hand sides of the aforementioned equations in Man et al. (2015), we can write

Ko~ K5° + K&, (18)

where K5° is of zeroth order in 10'(0) and A(0), and K{" is of first order in TO'(O) and A(0). It then follows from (13) that

—i k]1 0 0
K:)SO = 0 —”{22 k32
0 k23 —”(33

where

-V A+2u—V -V A+2u—V -V
knzqu, kzz=ﬂ%1‘1, k33:“){1+72,uH7 kz3=1/%ﬁ k32=1/'uTJ-,

g o VHO+21) + (= V)(G+ 21— V) - V20420 =V) = ViR -V)

A+3u-V ’ A+3u-V
It also follows that
1/p 0O 0 :
K= o0 1/u o0 <7Tgtbl({f° +(RE") - izgtb>,

0 0 1/(+2p)
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where RS“’ and Tg”’ are equal to the matrices R, and T, in (19) below with n = 0, %23(0) = %33(0) = 0, respectively.
Since Z,(v) (n=1,2,3,...) are related to GE,’”’ by (16), it is sufficient to give equations which determine

Gf’") (1=0,1,2,...,n) to within terms linear in A(0) and 10"(0). Hereafter we use the symbol * GI(”” ” to denote a matrix

which approximates G, ™ up to terms linear in A(0) and i‘(O) n=1,2,3,...;1=0,1,2,...,n).
From (15) it follows that forn=1,2,3,..,,

o
o 2 " o
£ (ass + T — pv7) o azs) & (146‘
3 X3=0 3 0 3 0
Q, = L 2q P (ay + Ty — p2?) 2a
"= agdas| o \G22 2—p o og s ,
=
o
o o o 2
.—(146‘ —024‘ 55 (aa4 + Ty — pv
oy x3=0 x5 x3=0 ‘9"g( pv) xas0
=
o (ase + 70"23) o 46‘ ﬂa%)
il XN X"
25 %520 ox3 X3=0 oy -0
1 an 011 °
R, = = o 425 sar (@24 + Ta3) 7 023 , (19)
n! 3 X3=0 3 150 3 X3=0
Bn 8" aﬂ °
o (45 o 44 A (azq +Ta3)
3 x3=0 3 x3=0 3 X3=0
6" ° aﬂ Bn
L (G55 +T33) P ] o 435
3 X3=0 3 x3=0 3 3=0
1 o o % o
T =— 045 oo (Aaa 4 T33) o (34
n! 3 x3=0 3 X3=0 3 Xx3=0
z 35’ ia34‘ o (as3 + %33)
Il OXT OX™
()X3 X3=0 r)X3 X3=0 ()X3 320

Putting m = 1 in (79) of Man et al. (2015) and taking account of (18) and —ToS; T, = T;, we observe that G{"" is obtained as
the solution to

(Kb + K5®) 6170 — 6V (1650 + KE) = Q) — (Ry +RY) (K5 + K™ + (KG°) Tkt
+2n((KK5°) TKE®), (20)
where M* denotes the adjoint of the matrix M (i.e, M’ =M") and H(M) denotes the Hermitian part of M, i.e.,

H(M) =1(M+M"). Eq. (20) is of Lyapunov type. All the eigenvalues of K, (17) have negative imaginary parts (cf.

Proposition 1 in Section 3 of Man et al. (2015)), which implies under assumption (*) that (20) can be solved for (F) uniquely
in terms of the right-hand side (cf. Section 8.3 of Gantmacher (1960) or Chapter 12 of Bellman (1997)).

Once we have obtained G({”, putting m = 1 in (81) and in the first equation of (80) in Man et al. (2015), we see that cﬁ;”
is obtained as the solution to

y —— —_—

(Ko +K5°) 66" — 6" (K5 + KG®) =i <R¥ - G?”)- D)

Then, Z, ~ iG{".
For m = 2,3,4,..., suppose that we have obtained the sequences of matrices

{Gﬁ*”, Gy } {Gg*”, G, 6?7 } - {GE;ET’”)., G o L, GUm gt } (22)
Then the sequence {G(Am’%), GEm o Gg’ﬁ‘), G{™} is determined as follows: Egs. (79) and (87) in Man et al. (2015), com-

m-1-
bined with (18), imply that G;™ can be obtained as the solution to

. ——

(K2 1) 6, — G (Ke + 1) = Qu — (Rn+RY,) (K + KG®)

(K 1) (S0) S (So) (ke KE®) — AT 23)



K. Tanuma et al./ International Journal of Engineering Science 92 (2015) 63-82 69

where

§g:(Tg")’]_(T{;")’]Tg‘b(T{;‘))*], §,§:§n:(—1)k > (SoT ) (SoTy ). (SoTi)So (n=1,2.3,...)
k=1 Iy +lyttlp=n
1<l Iy el

approximate So = (To) ' and S, (n =1,2,3,...) up to terms linear in ;"(0) and A(0), respectively,

_ m-1 — \* __ —— m-1 — 1 m-2 m-n-1 — —

Fi=Y" (c;”) So G, " +2H<Z (GE,;E’,’]*"”) Si(So) (K& +thb)) +>0) (cﬁ;“)) S, G, rm),
o=1 n=1 n=1 o=1

and the last term on the right hand side of the preceding equation drops out when m = 2. Note that f-‘v’]" is determined from

the entries in (22). Hence we can solve (23) for G ™ uniquely.

Once we have obtained G S , from (81) and the first equation of (80) in Man et al. (2015) we see that Gm 7 can be
obtained as the solution to

(K{,S°+K3‘b)*cﬁ>—c (K5 + K) = 75+ im(R], — 6,™), (24)

where
o —~ \ * __ — m—1 —_— * m—2o0+1 —\ —
A on(a) sei o Saty) () <«lw+w’rb>) S GO
=1 j=
m-2 A/l * A/l m-3 m-2-n o+l , —
can(S(ar) st (67 siq.

n=1 n=1 o=1 j=u

and the second and the third terms on the right hand side of the preceding equation drop out when m = 2 and the last term
disappears when m = 2 and m = 3. Again, we see that 3‘\37 is determined from the entries in (22). Hence we can solve (24) for

Gﬁ) uniquely.
Forl=0,1,...,m — 2, suppose that we already know the matrix G;Hm It then follows from (83) and the first equation of

(82) in Man et al. (2015) that Gf”") can be obtained as the solution to

(k5 + Kg“’)*c;*"” ~ G " (K5 + Kg‘b) = —FT, i+ 16, (25)
where
m-1,/ ——\* —
<G§;f>> So G, ") for =0
=
21567 8 6 S (6 5 (85) (K kI
H . 0 0 1 +Z I-n n( 0) ( + )
‘7:?+l - - ’ . ’

m I for [ > 1

n

_l’_

N
g
VR

|
-
7
Py
Q
o
~—
»)
S
3l
5
~
Jr
iy
2
3
—C
’%E
~—
[7,]
Q
se‘n8

and the third and the fourth terms on the right hand side of the preceding equation for [ > 1 are not there when I = 1 and the
last term drops out when ! = 1 and [ = 2. We see that }'"‘ ', is determined from the entries in (22). Hence we can solve (25) for
G ™ uniquely. Then Z,, ~ iGy™

Finally, we comment on how to solve (20), (21), (23)-(25). These equations can all be expressed in the form of a
Lyapunov-type equation for G, namely:

L'G-GL=B, (26)

where L = Ki° + Kg“’ and B denotes the right hand sides of the respective equations. The three-dimensional matrix equation
(26) can be recast into a nine-dimensional linear system. In fact, under the component-wise expressions of the 3 x 3 matrices

L=(), G=(g), B=(by),



70 K. Tanuma et al./ International Journal of Engineering Science 92 (2015) 63-82

(26) is equivalent to
cg=b, (27)

where £ is the 9 x 9 matrix given by

-k~ —I3 b1 I 0 0 0 0

~ly -kl 0 0 by 0 [ 0

—hs P T i 0 0 0 Iy 0 [~

[ 0 0 by — Iy [ —Ip —Is 0 0

lis 0 0 by lz—ln 0 0 b |
0 [ 0 ~hy 0 Ip—lp —lp I 0
0 0 [ —hs 0 by byl 0 %
0 hs 0 0 —ha b 0 by—ly I
0 0 [ 0 Lt 0 bs by B3l

and g and b are nine-dimensional column vectors defined by

8= (811 €12 813 &21 831 822 823 832 &33)'» b= (b11 bz bys by bsy bap bys bsp bss)'.

Later in the numerical implementations we shall solve (20) and (21), and the series of (23)-(25) for m = 2 and m = 3 by
appealing to the reduction of them to a nine-dimensional linear system of the form (27) in order to compute the first several
terms of asymptotic expansion (9).

Remark 4.1. For a vertically-inhomogeneous anisotropic elastic half-space, several papers have been published on the
surface impedance matrix that pertains to surface waves propagating along its surface (cf. Remarks 1 and 2 in Section 5 of
Man et al. (2015)). Recently, using the properties of this matrix, Katchalov (2012) proved the existence and the uniqueness of
the Rayleigh wave for weakly anisotropic media.

5. Asymptotic formula for phase velocity of Rayleigh waves

We apply the implicit function theorem to the asymptotic representation (10) of the secular equation to obtain the
asymptotic formula (7) of v for a large wave number k. This procedure is a simple routine and is outlined in Section 6 of
Man et al. (2015). Here we note that the first term of (7), namely vo, solves detZy(v) =0, i.e., v, is the phase velocity of
Rayleigh waves propagating along the surface of the comparative homogeneous elastic half-space x; < 0 whose incremental

elasticity tensor has the form (11), whose initial stress f'(O) has the components 70",3 =0fori=1,2,3, and whose density is
equal to p(0). By (12), v is written as

v ~ U + U, (28)

where 2§° and 2§ are of zeroth and first order in %(0) and A(0), respectively. The term v}5° is the velocity of Rayleigh waves

in the isotropic medium defined by L = C*°, A(0) = 0, and ;'(0) = 0. A formula for v, with each coefficient of f‘(O) and A(0)
written explicitly in terms of 1 and p of C*, is given in formula (12) of Tanuma and Man (2006).

To obtain #; (i=1,2,3,...) in the lower-order terms of (7), we can use the procedure in Section 6 of Man et al. (2015)
with » there replaced by v}5° + 25®.

Finally, let us comment on how each component of T and A under their respective most general form would affect each
term of v; (i=1,2,3,...). We can deduce the following two assertions from (10), Proposition 3.2, (19) and Lyapunov-type
equations (20), (21) and (23)-(25). Recall that the Rayleigh waves in question propagate in the direction of the 2-axis along
the surface of the vertically-inhomogeneous, prestressed, anisotropic elastic half-space x; < 0, where the constitutive equa-
tion is expressed by (1), the incremental elasticity tensor has the form (2), and the mass density is given by p(x3).

1. To obtain the terms in (7) up to those of vy, it suffices to know Z,u,%(O),A(OLp(O) and the x;-derivatives of
A(x3),%(x3),p(x3) at x3 = 0 up to those of order n.

2. None of the components of A(x;) which have the subscript “1” in the Voigt notation and none of the components of T (X3)
which have the subscript “1” can affect the dispersion of Rayleigh waves.
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6. An illustrative example

Among engineering material systems covered by the theory developed in this paper are metal structural parts
surface-treated by low plasticity burnishing (LPB), which leaves a mirror-smooth surface finish and creates a thin layer of
compressive residual stress that improves the fatigue life of the parts so treated. The situation at issue is similar to those
of many applications that involve elastic waves in structural metals (see Man (1999) and the references therein), where
the perturbative part A in the splitting (2) of the incremental elasticity tensor L is originated from the presence of crystal-
lographic texture and of the prestress. Moreover, the shifts in phase velocities of elastic waves caused by texture and initial
stress (with the latter bounded by the yield surface) are typically within 2% of their values for the corresponding isotropic
medium with L = C*°, which suggests that linearization assumption (*) would be adequate. As we shall illustrate in Table 1
below, the example that we shall study in this section is no different.

One problem of considerable engineering interest concerns the possibility of using Rayleigh waves to monitor the reten-

tion of the protective prestress T during the lifetime of a structural component. We shall study this inverse problem in
another paper. Our solution of the inverse problem, however, is based on what we have done above on the direct problem
to determine dispersion curves for Rayleigh waves propagating in various directions when the material parameters, texture
coefficients, and initial stresses are given. In this section, we illustrate our solution of this direct problem by a concrete
example.

A10cm x 10 cm x 2 cm sample was cut from an AA 7075-T651 aluminum plate. One face of the sample was surface trea-
ted with low plasticity burnishing, which introduced in the sample depth-dependent compressive stresses to a depth of
about 1 mm from the treated surface (cf. Moreau & Man (2006) for more details on sample preparation). Henceforth we
fix a spatial coordinate system OXYZ and model the prestressed sample as a half space that occupies the region x; < 0, while
the 1- and 2-axis are chosen arbitrarily. By the “depth” of a point in the material half-space is meant the value of —x; (in
mm), where x; is the 3-coordinate of the given point. We consider only Rayleigh waves propagating in the direction of
the 2-axis. X-ray diffraction measurements indicated that there were three distinguished mutually-orthogonal directions
for material points at the LPB-treated surface of the sample, namely the 3-direction (normal to the free surface), the direction
of LPB-rolling (which apparently was the same as the original rolling direction of the manufacturing process), and the direc-
tion transverse to the two. We define another Cartesian coordinate system OX'Y’Z’ which has the 1'-, 2'-, and 3'-axis agree
with the aforementioned rolling, transverse, and normal direction (i.e., the 3-direction) of the sample, respectively. We call
0X'Y'Z' the material coordinate system, because it is attached to the sample. Let 0 be the angle of rotation about the 3-axis
that will bring the 2-axis to the 2'-axis. Different propagation directions in the sample are obtained by rotating the material
half-space about the 3-axis, i.e., by varying 6. Henceforth we call 6 the propagation direction of the Rayleigh wave (relative to
the 2'-direction of the material half-space).

The surface and near-surface crystallographic texture of the sample at the LPB-treated face were measured by X-ray
diffraction up to a depth of 0.225 mm. The texture was found to be essentially constant with depth and was orthorhombic
with respect to the O'X'Y'Z' coordinate system. The values of those texture coefficients relevant to this study, namely
W00y Wanes Wiao, Weoos Wiao, Weao and Wi, are given in Appendix B. Regrettably, for the 7075-T651 sample, texture mea-
surement was not made at depths that exceed 0.225 mm, as the material within a surface layer of about 1 mm thick would
be relevant to the present study. For the present purpose of working out an illustrative example, we will simply take the
crystallographic texture to be constant at all depths in our model of the sample.

The depth-dependent prestress, assumed to be of the form

0
Tw) = | S (29)
0

under the OXYZ coordinate system, was measured by X-ray diffraction (and supplemented by information gathered from
hole-drilling) up to a depth of 1.25 mm from the treated surface. Let e; (x3) and e;(x3) be the principal directions of the stress
that are perpendicular to the 3-axis, and g;(x3) and 0,(x3) be the corresponding principal stresses. Let {(x;) be the angle
between e;(x3) and the 2'-axis. Then ¢(x3) = 0 + {(x3) is the angle of rotation about the 3-axis that will bring the direction

of the 2-axis to e,(x3); see Fig. 1. It follows that %,-j(xg) in (29) can be written as

f"n = Tm —%a cos2¢, %22 = Tm -HO"d cos2¢p, %12 = —%d sin2¢, (30)
where

o 01+0 o 0,—0

T = ‘2 2 Td::%‘ (31)

The measured data-points of the principal stresses ¢; and o, are shown in Fig. 2, where adjacent data-points are joined by
straight-line segments. The top (red) curve and the bottom (blue) curve give the principal stresses ¢; and 75, respectively. In
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Table 1

Zeroth-order velocity v, (in m/s) for Rayleigh waves with different propagation directions 6 in sample prestressed half-space with three different textures. For

comparison, v§° =2891.4 m/s.

0 (degree) 0° 45° 90° 135°
Texture (I) 2882.7 2873.1 2873.2 2877.7
Texture (II) 2867.3 2874.2 2881.4 2878.3
No texture 2876.4 2867.8 2863.8 2872.4
2/ 2
€2
P(z3)

Fig. 1. Spatial coordinate system, material coordinate system, and principal-stress directions.
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Fig. 2. Depth profiles of principal stresses o, (top curve) and o, (bottom curve).
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Fig. 3. Graph of cubic polynomial that fits the data points of principal stress o;.
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Fig. 4. Graph of cubic polynomial that fits the data points of principal stress .

our model we fit the data points with cubic polynomials. The cubic fitting curves for the principal stresses ¢; and o, are
shown in Figs. 3 and 4, respectively. The corresponding equations of the principal stresses are given by

01(x3) = 1.4387 x 10°x3 + 3.4090 x 10°x% + 1.7981 x 10°x; — 2.035 x 10%, (32)
02(x3) = 1.1943 x 10°%3 +2.7291 x 10°x% + 1.1636 x 10°x; — 4.125 x 10%, (33)

where 0,0, are in MPa and x3 is in mm.

In the stress measurements it was found that {(x3) ~ 10° for 0 > x;3 > —0.5 mm. As shown in Fig. 2, 01(x3) ~ 02(x3) for
X3 < —0.5 mm. Hence we may take {(xs;) ~ 10° for x; < —0.5 mm, as {(x3) is, to within experimental error, arbitrary there. In
our example, we will simply put {(x3) = 10° for all x3 < 0 in our model of the sample. Later in our computations, we shall

have to make use of the components Tj(x3) of the prestress under the OXYZ coordinate system. The non-trivial components
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o

Tji(x3) that pertain to (32) and (33) for the principal stresses, {(x3) = 10°, and various propagation direction 6 can be obtained
from (30) and (31), where ¢ = 0 + {(x3).

We treat the material points of the prestressed 7075-T651 aluminum sample as weakly-textured orthorhombic aggre-
gates of cubic crystallites and, in our model, adopt what follows as their constitutive equation under the OX'Y'Z' material
coordinate system (cf. Man (1999), Tanuma & Man (2002)):

S=T+HT +L[E| = T + HT + C'°[E] + A[E]

= T+ HT + J(CE) + 2E + 0®(Wog, Wi, Wiao) [E] + iy (r T)(trE) + B (tr T)E + 5 ((trE)T + tr(ET)I)

o o 4 . o o
+ P4 (ET + TE) + Zbi‘w)(witom Wipa0: W) [T, E] + a®(Wegg, Wi, Wissg, Wego) [T, E. (34)

i=1

Here @ is a fourth-order tensor and ¥ (i = 1,...,4) are sixth-order tensors defined in terms of the texture coefficients
Wioo, Wine, Wiso, and © a sixth-order tensor defined in terms of W, Wi, Wi, and Weg,. The components of these tensors
in the OXYZ coordinate system are given explicitly in Appendix B, and so are the values of the 12 material parameters
Jp, o, B (i=1,...,4),bj i=1,...,4), and a adopted for the 7075-T651 aluminum sample in our example.

Let p, be the density of the aluminum alloy in question when it is stress free. The presence of vertically-inhomogeneous

residual stress ]O‘(xg) will change the density of the material point from p, to p(x3), which is related to p, and 10‘(x3) by the
formula

p(x3) = po(1 — trE), where E = (C** + OCCD)J[TO'].

In our example we take p, = 2.81 x 10% kg/m>, which is the (nominal) density of AA7075 alloy as computed from those of its
alloying elements and their concentrations (Aluminum Standards and Data 2000 (2000), pp. 2-14).

In this paper we want to examine also how the texture would affect the dispersion relations. Hence, for comparison pur-
poses, we consider in addition two hypothetical but possible scenarios in the texture of the 7075-T651 sample to yield three
cases as follows:

e The sample has its actual texture, the relevant coefficients of which are given in Appendix B. We call this case Texture (I).
e The texture of the sample has coefficients

Wigo = 0.00159, Wy, = —0.00368, W,,, = 0.00175, Wiy = —0.00529, Wi, = 0.00348, W, = —0.00299, and
Wig, = 0.00197.

These coefficients are those that pertain to the surface texture of a 6061-T6 aluminum alloy plate (Man, Lu, & Li, 1999). We
refer to this case as Texture (II).
e The 7075-T651 sample has no texture, i.e., Wj,, = 0.

From (7) and (28), the dispersion relation can be written in the lower-order terms of the asymptotic expansion as

Ptb

R Ug+ 016+ 028 + 038 = U + Ui + e+ 1,88 + 136, (35)

where ¢ = k' and k denotes the wave number. In (35), vo = v5° + o} is the zeroth-order term. As shown by Tanuma and
Man (2002), v can be estimated by the formula

1
_ glso _
I PP

x (Ao + Ay 0520 + A3 cos 40 + (B + By 0 20 + B4 €05 40)T 1 (0)

+(Co 4 C, cos 20 4 C4 cos 40 + Cs cOs 60)%d(0) cos2(6 + ¢(0))
+(D, sin20 + D4 sin40 + Dg sin 66)%d(0) sin2(0 + C(O))) ; (36)

here #§° is the phase velocity of Rayleigh waves in the isotropic base material; p(0), %m(O), %d(O), and ((0) are the values of

the density p, stress parameters %m, TO'd, and ( at the free surface x3 = 0, respectively. Explicit formulas that relate the param-
eters A; (i=0,2,4),B; (i=0,2,4),C; (i=0,2,4,6), and D; (i = 2,4,6) to material parameters and texture coefficients are
given in Tanuma and Man (2002).
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Appealing to (31), and using {(0) = 10° and the values of ¢;(0) and 7, (0) given in (32) and (33), respectively, we compute
the velocities 7, of the sample in question for the aforementioned three cases of texture by formula (36) for 0 = 0°,45°,90°,
and 135°. The results are shown in Table 1.

To compute v; (i =1,2,3), we start from the following truncated form of the asymptotic expansion (9) of the surface
impedance Z:

=717 +Ze+Z1,8 + 18,

where Z5° is the surface impedance matrix of the homogeneous isotropic base material with I = C*° A = 0,10' =0 and
p = p(0), Zg‘b is determined by (12), and ¢ = k™'. We set the approximate secular equation as

R(v, &) = det {z};" +Z L2+ 2,6 1 33] —0. (37)

By the implicit functions theorem, we obtain from (37) the formulas

v = , Up=—==, Us=———, 38
! D' " 2D 7 6D’ (38)
where
AR aR &R &R 2 O°R
D=_— , Ni=— , Na=——> 4 rvreon (v1) el )
o v=19,6=0 ¢ v=20,6=0 € v=1q,6=0 0edv v=1p,6=0 ov v=1p,6=0
R 3 , O°R 3R R R
N =5 30500 +3(0) 55002 () 5 62 50w o gs
v=1,=0 v=1y,6=0 v=1,=0 v=1p,6=0 v=1,6=0 v=1p,6=0

and vy is estimated by using (36) above.
By (37) and (38) we take the following steps to obtain 21, 7, and »3 in the dispersion relation (35):

Step 1 Determine Z5° and zgtb by using the well-known formula reproduced in Proposition 3.1 and the formulas given in
Proposition 3.2 and Appendix A, respectively.

Step 2 Determine Z; by the formula Z; =iG{ ", where G| " is calculated inductively by solving the Lyapunov-type
equations (20) and (21).

Step 3 Determine Z, by the formulaZ, = i G, where G is obtained inductively by solving Lyapunov-type equations as

follows: Solve for GTZ’E) and GT’/Z’ from (23) and (24) by setting m = 2, respectively. Then solve for G?” from (25) by
setting m =2 and [ = 0.

Step 4 Determine Z; by the formula Z; = i G} >, where G} is computed inductively by solving Lyapunov-type equations

as follows: First solve for GF) and Gr(zv‘3) from (23) and (24) by setting m = 3, respectively. Then solve for 6?3) from

(25) by setting m = 3 and I = 1. Finally solve for G from (25) by setting m = 3 and [ = 0.

Step 5 Compute 74, v, and v3 from (38).

Step 6 Find the dispersion relation. In practice the limit in accuracy of measurement of vy is about 0.1%. Hence for the trun-
cated dispersion relation (35), the approximation in replacing v by v, in the formula ¢ = vz /(27f) will be accept-
able if v — 2o and the correction terms v, /k, vz/kz, z;;/k3 are all within 1% of v,. Substitution of ¢ ~ v, /(27f) in the
approximate formula (35) for the phase velocity vy of the Rayleigh waves leads to the dispersion relation between vy
and the frequency f that we seek. See Remark 6.2 for further discussions.

Remark 6.1. We use MAPLE to carry out the above steps. In the program we apply the central finite difference with a
fourth-order accuracy to approximate the derivatives with respect to ¢. The formulas of the finite difference for the first, sec-
ond and third derivatives are given by

0g g(v—2h)—8g(v—h)+8g(v+h)—g(v+2h) 4
- 12h + 0,
g —g(v—2h)+16g(v —h) —30g(v) + 16g(v + h) — g(v + 2h) ok
e ; +0(h'),
12h
o’z g(v—3h)—8g(v—2h) +13g(v —h) —13g(v + h) + 8g(v + 2h) — g(v + 3h) 4
98 S + O(h%).

Here g is a given function of » and the step size h is taken to be 0.5 m/s.
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The computation results are shown below. For each of the specified propagation directions, the dispersion relations
between Rayleigh-wave velocity z (in m/s) and frequency f (in Hz) for the sample half-space endowed with the specified
prestress and three different textures are as follows:

Casel 0=0
7 14 21
vgp = 2882.7 — 4'2457;{; 100 5'2242;210 + 4'7573;310 for Texture (I); (39)
T T
7 14 21
vg = 28673 — 4'431; 107 4'9522;210 + 4'6053;310 for Texture (II); (40)
s T
7 14 21
vy = 28764~ 23 lifx 107 7‘0292;210 28 23;310 for no texture. (41)
s T
The corresponding dispersion curves are shown in Fig. 5.
Case 2 (=45
8 15 22
Ve — 28731 + 1.87S7)fo 10° 2.5862;210 . 1.7483;310 for Texture (I); (42)
T T
8 15 22
U = 28742 + ]'8431; 10°_ 2'5912;210 + 1'7633;310 for Texture (II); (43)
T T
7 15 22
vg = 2867.8 + 894%? L 1'5612;210 + 1'0353;310 for no texture. (44)
T T
The corresponding dispersion curves are shown in Fig. 6.
Case3 0=90°
8 15 22
vp =2873.2 + 3']531; 107 3'7142;210 + 2'6193;310 for Texture (I); (45)
s T
8 15 22
vg =2881.4 + 31 1§fo 107 3'6812;210 + 2'5003;310 for Texture (II); (46)
T T
3 15 22
vg = 2863.8 + ]'4027;1; 107 1'9202;210 + 1'1723;310 for no texture. (47)
T T
The corresponding dispersion curves are shown in Fig. 7.
Case4 0=135°
8 15 22
Ve = 2877.7 + 1.235;)fo 10° 2.0932;210 n 1.4143;310 for Texture (I); (48)
s s
8 15 22
vg =2878.3 + 119%;; 107 2'0722;210 + 1'3843;310 for Texture (II); (49)
s T
7 15 21
vg = 28724 + 2'9831; 107 1']202;210 + 8’1033;310 for no texture. (50)
s T

The corresponding dispersion curves are shown in Fig. 8.

Remark 6.2. Dispersion relations (39)-(50) are third-order high-frequency asymptotic formulas. Moreover, in obtaining
these dispersion relations, we have replaced vg by vy in the formula ¢ := 1/k = v/(27f); cf. the discussion under Step 6 just
before Remark 6.1. Table 2 displays the values of the first-, second-, and third-order terms in dispersion relation (45), which
pertains to Rayleigh waves propagating at 6 = 90° along the treated surface of the 7075-T651 sample. This example is singled
out for illustration, partly because it concerns the real-world sample of our primary interest, and partly because it shows the
largest dispersion among the cases considered. Note that for f = 1 MHz and 2 MHz, we have

|v1|/k < |va| /K < |ws] /K,

which suggests that these frequencies are too low for the high-frequency asymptotic formula (45) to be applicable; more-
over, the magnitudes of the correction terms in question render the approximation of replacing vz by v, in the formula
& = v/(2nf) problematic. In fact, a glance at Egs. (39)-(50) reveals that both |v,|/(k|v1]) and |vs|/(k|v,|) are of the order
of 107 /(nf), which suggests that these dispersion relations would be applicable for f > 5 or 6 MHz. In practical applications
of the dispersion relations delivered by the method presented above, e.g., in using them in nondestructive evaluation of
stress, it will be of paramount importance to determine the window of frequencies for which the high-frequency asymptotic
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Fig. 5. Dispersion curves for propagation direction 6 = 0°.
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Fig. 6. Dispersion curves for propagation direction 0 = 45°.

formulas would be applicable, a task that can be achieved by comparing some of the predicted dispersion relations with the
corresponding experimentally-determined dispersion curves.

Remark 6.3. The frequency window within which an nth order dispersion relation is applicable will depend on the order n.
In this section, all dispersion relations are computed to the third order. We could push our computations to the fourth order
if desired. In fact, that should be pursued in applications where extending the lower end of the frequency window, say to
include f = 4 MHz as an applicable frequency, is beneficial.

Remark 6.4. In the example above, the texture is assumed to be homogeneous in all three instances considered and the ver-
tical inhomogeneity of the half space is due to that of the principal stresses alone. Even so, Figs. 5-8 show that dispersion is
influenced by homogeneous texture in the presence of inhomogeneous stress. It can be expected that inhomogeneities in
texture will strongly affect Rayleigh-wave dispersion. For the direct problem, where the relevant texture coefficients are
known functions of depth, this is not an issue, as we may follow exactly the same procedure as what we did in this section
to derive dispersion relations.
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Fig. 7. Dispersion curves for propagation direction 6 = 90°.
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Fig. 8. Dispersion curves for propagation direction 6 = 135°.

Table 2
Comparison of first-, second-, and third-order terms in high-frequency asymptotic formula for zz in 7075-T651 sample.

Texture (I), 6 = 90°

Frequency (MHz) 1 2 3 4 5 6 7 8 10 20

v1/k (m/s) 100.4 50.2 335 25.1 20.1 16.7 14.3 125 10.0 5.0
Uz/kz (m/s) —376.3 -94.1 —41.8 -23.5 -15.0 -10.4 -7.7 -5.9 -3.8 -0.9
,,3/;{3 (m/s) 844.7 105.6 313 13.2 6.8 39 2.5 1.6 0.8 0.1
vR — Vo (mM/s) 568.8 61.7 23.0 14.8 119 10.2 9.1 8.2 7.0 4.2

7. Conclusion

In this paper we consider the direct problem of deriving dispersion relations for Rayleigh waves propagating in various
directions along the surface of a vertically-inhomogeneous prestressed anisotropic medium when all details about the
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prestress and the constitutive equation of the medium are given. For the case where the incremental elasticity tensor can be
written as an isotropic part and a perturbative part, we solve the aforementioned problem by deriving necessary formulas to
implement the general procedure recently developed by Man et al. (2015) to obtain a high-frequency asymptotic formula for
each dispersion relation. We illustrate our solution of the direct problem by deriving dispersion relations for a 7076-T651
aluminum alloy sample with a prestress induced by low plasticity burnishing.

The formulas and procedure presented in this paper can serve as the mathematical foundation of a nondestructive tech-
nique that uses the dispersion of Rayleigh waves to monitor changes in the protective prestress placed on metal parts by
surface treatments such as low plasticity burnishing.

Acknowledgements

The work of Tanuma was partially supported by Grant-in-Aid for Scientific Research (C), Society for the Promotion of
Science, Japan (No. 26400157).

Appendix A. Formulas for ¢; in Zj*(v)

Put
1 1 1

. S= . R .
V20420 -V) Wp—V) VIO +20) (U= V)(A+2u-V)

where / and u are the Lamé constants that pertain to C*° and V = p(0) 22. Then

£11(ass, g, %22) = ((/J —V)ass + p(ass + %22)>5/2,

522((1227(1237(1337(1447%22) = ¢ 3
20+ WA +3u-V)Vv
x [(z +2u) ((/H— 2U)(7 4 310)% — (372 + 154 + 202)V +2() + 3,u)V2>P
—(u— V)((}. F20)(A 43 — (222 + 110+ 133V + (4 + u)vz)s] )

U421 —V)

A+ wA+3u-V)V
U242 -V)

204+ WA+ 3u—V)>*V

4N_VKM+3MZ_Q+5mVﬁP”+

[—(A+21)(A+3u—=2V)P+ (24 3p) (1 — V)S]azs

[(;v +2u-V) ((/1 +3u)% - 34+ 7,u)V)P

A+2U-V
204+ WA +3pu-V)y’V
x [-2(1 +2u) (2#(1 +30)% — (2 + 92+ 2012)V + (4 + 5,u)V2>P

+<4u2(/1+ 3u)? = 2072 + 11+ 2242V — (72 — PV + (4 + u)v3>s} g

u , 2 ) 2 2 T
TR [—(A+2/1)(2+,u —V)P+ (A Y5+ 82 — (22 + TV + V )s] T2,

(421 (u-V)
204 W(A+3u-V)*v

G (j/j)(iﬂl (Ef‘/;v&)v (24 31) (3420t~ V)P — (3 + 31— 2V)S]ass

u-Vv _ _ , , 2 g2 5 2 2
+2(A+u)(z+3u—va[ (+20 V)((qu)(mw) (222 +11p+ 134 )v+(z+u)v)1>

+u((z+2u)(a+3u)2 (372 +15W+20ﬂ2)v+2(;.+3u)v2)5] a3
A+2u

204+ W (A+3u-V)>*V

- (4;12().+3,u)2 22U 12104+ 3812V + (A2 + 1670+ 4T3V — (x+9u)v3>s] (s

At 2 2 2 2 T
(052 L0 112 — (324 8V + VA )Pt (it i V)S] Tas,
TR I§ U T2 = 324810V +V )P+ (it e+ V)S] Tao

633((122,(123,(133,(144,%22) = [7(}4’2/1) <(2+3,LL)2 . (Z+5M)V>P+ ,u(()+3,u)2 — (3/14»7/,{)‘/)5} (15))

[2(i+2,u—V) (Zu(1+3u)2 — (24 11zu+22u2)v+2(z+3u)v2>1)
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452(0267‘1367“45):2(;L+M)uﬁ3u_v)v[(/1+2l1)(/1+3ll)(7~+2ﬂ—v)1’—(H—V)((i+2ﬂ)(/l+3ll)—(/1+/J)V)5}azs
420 V) A A
2(;&”)()&3”7‘/)‘/[*(A+2#)(7~+3#*ZV)P+(A+3,LL)(/17V)S]a36

N r+2u-V
20+ W) (A4+3u-V)v

[~(A+20)2p(A+31) = (A4 5 V)P + (U= V) (A +31) + (A+ p)V)S]as,

u-Vv
20+ WA +3u-Vv
(1 =V)(h+2u-V)
20+ W(A+3u—-V)v
A+2U-V
20+ W)(A+3u-V)

015 (azs, G35, Asg) = [+ 2003+ 31) — (+ WV — @0+ 200 (2 + 3 (4 + 2 — V)R] azs

[~ (24 31) + U(2+ 2) (2. + 31 — 2V)Rass

o 20+ 30) + (2 WV — 1+ 200200+ 340) = (2 -+ 51 V)Rlass,

08, (azs, a3, As6) = 2(;& ;)z(ﬁ%l;;:f)v)v (24 3) (7 + 21 — V)P — (A + 31— 2V)S]ays

u-v
+2(2+,u)(},+3,u—V)V [—(A+20)(A+2u—V)(A+3u—2V)P

(2 200) (2 + 3p) = 204 3RV +2V?) S| ass

A+20
20+ w(A+3u-V)

7;1(2#(1 +30) - BA+ 11V +4v2)5] e,

7 (14200 V)(2u(i+ 3p) = (24 50)V)P

013(a36, 036, Qas) = 20+ 5)(())123!27 Vv [(A+3u—2V)+ (A+3u) (1 — V)(2+2u — V)R]ags
+2(1+u)(zﬁ T (G4 2000+ 3p) — 20+ 3p)V + 202

~(+ 2M)(1~ V)(3 + 24— V)(i + 31— 2V)Rass

A42U Ay 2
SR TR T [2y(z+3u) B+ 110V + 4V

(U= V) 3+ 20— V)G +3pt) — (4 + 51)V)R)das,

A+2u0
A+m)(A+3u-— V)V[

o7 ;)ai’“‘;u‘i v [7(;. +2u) (zu(a +30) — (A + 60V + VZ)P (- V)20 +30) — V)s] 34,

(35024, G34) = (2420 = V)24 +31) = (2 + 4WV)P — p(pt = V)(2(7 4 3p) = 3V)Saz

(G, s, Q33 Qag. Toy) = —FEF2OE=N) 002y a 502 (74 3)V)R
3 (022,023, 033, Aaa, T22) 2(2_’_#)(1_’_3'[1_‘/)2 [ ( +4. 450" — (A+3) ) ]022
p BBV g o+ 20— VIRIax

(G+pwE+3u-V)
MU =V)A+2u=V) o ,
+2()~+H)(J~+3M—V)2 2 (2 + 42+ 50° — (2+3p)V)R]azs
(A+20)(A+2u-V)
200+ W +3u—-V)>
(72 + B+ 1942)V + (34 50)V” )R] aza
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J(+ 2p) 2 2 :
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We have used MATHEMATICA to carry out the computations of some expressions above.
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Appendix B. Details on constitutive equation of 7075-T651 aluminum sample

In this appendix we provide the details that complete the constitutive equation (34) of the 7075-T651 sample studied in
Section 6.

B.1. Material parameters

In our computations we take / = 60.79 GPa and u = 26.9 GPa, which correspond to the mean values of i and Young’s
modulus E = 71.43 GPa obtained by Radovic, Lara-Curzio, and Riester (2004) in their RUS (resonant ultrasound spec-
troscopy) measurements on sixteen 7075-T651 samples. As for the other 10 parameters, we are not aware of any experimen-
tally determined value reported in the literature. In our illustrative example, we adopt the values predicted by the Man-
Paroni model (Man, 1999; Man & Paroni, 1996; Paroni & Man, 2000) from second-order and third-order elastic constants
of single-crystal pure aluminum reported by Thomas (1968) and Sarma and Reddy (1972), respectively: o« = —16.49 GPa,
B, =0.89,8, =0.96,8; = -2.63,8, = —4.54,b; = —3.32,b, = -0.61,b3 = 0.14,b, = 1.54 and a = 12.10.

B.2. Texture coefficients

W0 = 0.00393, W/, = —0.00083, W, = —0.00233, W, = 0.00025, Wi,y = —0.0004, Wi,y = —0.00033, and Wi, =
0.00035.

B.3. Components of tensors ®,®, and ¥

All components of tensors below refer to the coordinate system OXYZ defined in Section 6.

An rth order tensor H is said to be harmonic if it is totally symmetric and traceless, i.e., its components Hj,;, ; satisfy
H =Hi i) i) for each permutation 7 of {1,2,...,r}, and tr;,H = 0 for any pair of distinct indices j and k. For example,
for r = 3 we have Hy1; = Hy21 = Haqs, etc. from total symmetry, and Hyq; + Hapo + H3ps = 0, etc. from the traceless condition.

The fourth-order tensor @ and the sixth-order tensor ® are harmonic. All the non-trivial components of ® can be obtained
from the following five through the total symmetry of and the traceless condition on the harmonic tensor ®:

iy iy

D122 = WitOO —v70 WLMO Ccos 40, Dq133 = —4Wi100 + 2V 1OW;20 Cos 20,
(D2233 = 74W:100 — 2V 10W2120 Cos 207 (1)1112 = -V 10W;20 sin 20 +v70 W:l40 sin 467
Dyp1p = —V ]OWilZO sin 20 — v 70Wil40 sin 40.

The non-trivial components of ® can be obtained from the following seven by using the total symmetry of and the trace-
less condition on ©:

@211 = ~Wiggg — —‘1125 Wi €08 20 + V14 Wiy, cos 40 + V231 Wyg, cos 60,
Or22033 = GW/GOO + % Wézo cos 20 +2v14 W%AO cos 40,

16v105 16v105

333311 = —8Wé00 —+ WéZO cos 20[ B33330) = —8W,600 — WéiZO Ccos 20,

15 15
O120020 = —”305 Wiy sin 20 + 214 Wy, sin 460 + V231 Wi, sin 66,
8v105 ., . ;. 16v105 , , .
@122233 = — T WGZO sin 20 — 2v'14 W640 sin 497 @123333 = T WGZO sin 20.

The components of the sixth-order tensors ¥ (w) are given in terms of those of the harmonic tensor @ by the following
formulae:

. 2 .
Pl = Piadmn, it = Piamndy + Pimndia,
3 o
‘I’Ejkimn = Ok Pjimn + S Pjrmn + Ok Pitmn + 031 Pitmn»
4 . .
'{'Ejkzmn = OimQjnkt + Sin Pjmkt + Ojm Pinkt + IjnPimta + Ok Pinig + Sk Pumij + Sm Prnij + In Poemi

where §; is the Kronecker delta.
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